Let E -> X be an elliptic modular surface and S the tangential ruled surface of a projective embedding of X . The divisor that collects the involutions of the elliptic fibers of E is precisely the branch locus of E -► 5 (at least generically). In this paper, we present two theorems that characterize this divisor in terms of the action of the group of modular automorphisms. These results extend work of D. Burns [1].
Introduction and statements of the main results
The purpose of this paper is to present two theorems that together extend a result of D. Burns [1, Theorem 2] . This extension gives a rather complete picture of the invariant-theoretical question addressed there. We believe that these results will prove useful in the construction of elliptic modular surfaces with prescribed finite group as automorphisms.
Thus, suppose that T is a torsion-free subgroup of finite index in T(l) := SL2 (Z), and let X -X(T) be the usual modular curve attached to Y [cf. 3 for details on modular curves]. There is an elliptic surface E = E(T) fibered over X such that, whenever r < A < T(l), the finite group Z? := A/T acts on E in a very nice way [cf. 1 or 4] . In particular, -1 e T(l) induces an involution of E, and the quotient 5 := S/ (-1) is birationally ruled over X. In [1] , Burns constructs intrinsically a minimal model S of S (at least for almost all T). This geometric model S is a ruled surface over X, and Burns shows [ 1, Theorem 1 ] that extrinsically S is the tangential ruled surface of any projective embedding of X. Hence, to construct E explicitly from X and & one should pinpoint the branch locus of the map E -> S.
One component of this branch locus is the zero-section Z c 5. A second component is the image û of a smooth 3-fold section dE c E. The divisor class of û is D := 3Z + 3KX + Kr, where a canonical divisor Kx and the divisor of cusps /cr are pulled back from X to S. Thus, û lies in the space \D\* of ^-invariant effective divisors linearly equivalent to D. Now, \D\ is equal to [j~PVx, where {Vx} are the eigenspaces of H°(S, <fs(D)), which afford linear characters [X] of ,f. In this context Burns' result is as follows:
(I) Theorem [1, Theorem 2] . // A = J?(l) then dim H°(S,<?s(D)f = 1.
In particular, in this case, if 3? = 2¡ (S?), then û is the unique 3?-invariant, effective divisor in its divisor class.
The two theorems that complete this picture are these.
(II) Theorem. Suppose A < T(l) has finite index (but is otherwise arbitrary), and let Y be the modular curve attached to A. Then there is a rank-4 vector bundle EA over A such that the following hold : In fact, the proof of (II) is merely a careful adaptation of Burns' proof of (I).
Specifically, the isomorphism (Il-b) holds for the generic case where all the cusps of X are ramified over their images under the natural map X -► Y (cf. hypothesis (oo) in §1 ).
The vector bundle HA is in fact a trivial extension of line bundles, and its definition is given in §1 , where a complete list of definitions, notation, and preliminary results is collected. As yet we have no more natural definition of HA than is given there.
Finally, theorem (III) is somewhat remarkable in that, in general, there is no action of ß? on E, S, or X. However the action of %? in \D\ picks out û uniquely, without reference to T. This suggests that an explicit construction of û can be done rather uniformly, although we have as yet to see how this is done.
Definitions, notation, and preliminary results
We begin by collecting most of the definitions and notation in use throughout the paper.
T ( The Riemann-Hurwitz relation, applied to the map Y -» X(T(l)) = P , yields the following:
We continue with the definitions and notation: KA = KY is a canonical divisor for Y ; ka is the divisor of cusps, each counted with multiplicity 1; eA is the divisor of elliptic points of order k , each counted with multiplicity 1 ; and eA = eA + eA ; Qy is the canonical sheaf or sheaf of holomorphic 1-differentials on Y ; D.2Y = üj,®fi|,, etc; 0y is the (holomorphic) tangent sheaf on Y, isomorphic to the dual of Qy ; 0y = 9y <g> 6y , etc We will use the notation pg(X) = pg(Y) , nJY), I(Y) = (l/2)[r(l) : A] • |S?|, Kx = KT, Kr, Çlx , &x , etc. exactly as above. Also, if P is a cusp (for A or T ) then its width bp is the ramification index at P for the natural map to A"(r(l)) = P , as above. We will assume that the inclusion Y < A is nondegenerate at 00 , in the following sense:
(00) Hypothesis. Each cusp for Y is ramified over its image under X -► Y. That is, if P G cuspsY and Q is its image in Y, then the integer bpjbg is at least 2.
As a consequence, the width of every cusp for Y is at least 2. Note that as the conjugacy class of the cusp element ' ° in T(l) generates all of T(l), we are always assured of (00) when A = Y(l).
As noted in the introduction, there is an elliptic fibering E -» X and zerosection ZE c E that admit J^.,X)(T)J T as automorphisms. The involution induced by -leT(l) inverts each elliptic fiber Ep, P e X \ cuspsY. There are two components of FixE(-\) : Z£ and a smooth 3-fold section <5£ that collects the involutions of the elliptic fibers. The quotient E/ (-1) is smooth and birationally ruled over X . Hypothesis (00) implies that each cusp width is at least 2, so that there is a geometric model S of E/ (-1) [cf. 1, pp. 6ff.].
Let Z be the zero-section of S and û the image of ûE in S. If JVX denotes the normal sheaf to Z in S, then from [ 1, Theorem 1 ] we have that JVZ = &x on Z = X. Now i? is in the divisor class of D := 3Z + 3KX + Kr, where Kx and ky are pulled back to S.
Two final pieces of notation: if A is a space, B is a divisor, and J? is an «^-module, then ^f(B) will mean the product of Jz? with the line bundle (invertible sheaf) <9A (B). If & is a group, the functor ( ) will mean the fixed points of SF. We now proceed with some of the preliminary results that will be needed in the proofs of (II) and (III).
We recall Maschke's Theorem: Finally, we will refer to the Serre Duality Theorem as (SD).
Proofs of the main theorems
The proofs of the main theorems proceed in several steps. We begin with an analysis of three fundamental sequences of [1, p. 15] . For the next three lemmas, we apply the functor H*( ) to these three sequences.
Proof. We now consider the cohomology of (2) We give an example to show that, without further hypotheses on &, there may be more than one ^-invariant effective divisor linearly equivalent to <3, even with Y < T(l). Indeed, consider Y := 3íx (Y(\)). Since T(l) is an amalgamated product Z/6 *z/2 Z/4, we see that %? = Z/12. Moreover, Y is free on two generators, with exactly one cusp.
Recall that, for any r, S is the projectivization of <f := Pt(fs (Z). Now á? is an extension o -+ <?x -» 9 -» ex -* o.
As a consequence, f is normalized, and Z is a distinguished section, whenever X is not rational. is a sum of 1-dimensional eigenspaces for " § . As noted in the introduction, an eigenvector / e H (S ,cfs (û)) gives a %?-invariant, effective divisor û + (f) e \û\, and conversely. Now h°(S, &s (Û)) = 4, as one can see from the same calculations that were used in §2. At any rate, Lemma (G) implies that h2(S, Thus it seems that a general characterization of û must include some of its geometric properties.
